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Abstract-In this paper, a theoretical analysis of laminar mixed convection around a rotating sphere in a 
stream is presented. The results show the effects of the viscous dissipation in the boundary layer. A new 
correlation for the average Nusselt (Sherwood) number is presented for a Prandtl (Schmidt) number 
ranging from 0.7 to 2730 and negligible dissipative effects. This correlation is validated with numerical and 
experimental results. It can be used for the entire mixed convection regime, under buoyancy assisting flow 

and uniform wall temperature conditions. 

1. INTRODUCTION 

IN THE field of published results about heat and mass 
transfer over axisymmetric bodies, the special case of 
the sphere has received much attention. Several simple 
correlations and experimental data for the average 
Nusselt number for both laminar free and forced con- 
vection around a non-rotating sphere have been pre- 
sented [ 1, 21. The average Sherwood number for a 
rotating sphere placed in a uniform stream with its 
axis of rotation parallel to the free stream velocity was 
measured by Furuta et al. [3]. This type of flow was 
also theoretically studied by Lee et al. [4]. 

The linkage of the three flows (i.e. free convection, 
forced stream and rotation) has been investigated 
more recently [5, 61. The laminar three-dimensional 
boundary layer over a rotating sphere in forced flow 
with an arbitrary angle pi between the direction of 
the stream and the axis of rotation was theoretically 
studied by using a Giirtler type of series [7, 81. It 
was found that the average Nusselt number slowly 
increases with increasing pi, but this change is too low 
to be experimentally validated. The theoretical results 
were also compared with electrochemical measures 
for the axial flow case (i.e. fij = 0) and the agreement 
between theory and data was satisfactory [9, lo]. 

A survey of the literature shows that no useful cor- 
relation for the average heat (mass) transfer coefficient 
has been proposed for the mixed convection regime 
under axial flow conditions. This is the purpose of this 
paper in which the viscous dissipation effects on mixed 
convection are also studied in order to point out the 
limitations of the correlation. From comparison with 
the previous published results [5,7-lo], equations and 
results referring to the correlation coefficients are new. 

2. THEORETICAL ANALYSIS 

Consideration is given to steady, laminar, dissi- 
pative, constant properties (except the density 
changes) and incompressible boundary-layer flow 

around a sphere which is maintained at uniform sur- 
face temperature T,. This sphere rotates in a uniform 
flow with oncoming free stream velocity U, and tem- 
perature T,. The axis of rotation is parallel to the 
direction of the stream which moves upward while 
gravity g. acts in the opposite direction. A non-rotat- 
ing orthogonal curvilinear coordinate system X, y, tl 
is chosen, as shown in Fig. 1. Let V,, V,,, Ve be the 
corresponding velocity components. The boundary- 
layer equations can be written as 

av, av, --+-+y& 
ay (1) 

The boundary conditions are 

y=o; T= T,, V, = V, = 0, Ve = rw 

y-+co; T+T,, Vs + 0, v, --t u. (5) 

In the foregoing equations, w is the angular velocity 
of the sphere whereas Uis the local free stream velocity 
which can be expressed from the potential-flow theory 
as [ll] 

U=iU_sinf 

where L is the radius of the sphere. The radial distance 
from a surface point to the axis of rotation is 
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NOMENCLATURE 

B rotation parameter defined by equation sh, average Sherwood number for pure forced 

(8), convection 

C, specific heat at constant pressure sh, average Sherwood number for pure free 
[J kg-’ K-‘1 convection 
Eckert 

?E, ?) 

number, U& /C, ( T,,, - T, ) xi, average Sherwood number for pure 

A&, 11) reduced stream functions 
defined in Table 1 

rotation 
T fluid temperature [K] 

ga gravitational acceleration [m s-‘1 u local free velocity [m s- i ] 
Gr Grashof number defined by equation (9), V,, V,, V, velocity components for the x-, _r- 
L radius of the sphere [m] and O-directions [m s-‘1 
Nu local Nusselt number X, y, I) coordinates shown in Fig. 1 [ml. 
Nu average Nusselt number for mixed 

convection Greek symbols 

N% average Nusselt number for pure forced 

;I 

thermal diffusivity of the fluid [m” s ’ 1 
convection 

Nu, 
coefficient of thermal expansion [K- ‘1 

average Nusselt number for pure free E,V adimensional coordinates defined in 
convection Table 1 

Nu, average Nusselt number for pure rotation 01 reduced temperature defined in Table I 
Pr Prandtl number V kinematic viscosity [m” s-‘1 
r radial distance from the axis of rotation spin velocity of the sphere [rad ss’] 

[ml : Richardson number defined by equation 
Be,, Be, Reynolds numbers defined by (8)~. 

equations (9) 
SC Schmidt number Subscripts 
ST; average Sherwood number for mixed W condition at wall 

convection m free stream condition. 

regime, three flow dominated cases can be defined 
from the values of the rotation parameter B and the 
Richardson number R [8] : 

(1) the buoyancy force dominated case for fi > 1 
andB<Q; 

(2) the rotation dominated case for B > 1 and 
/?;-1 B>R. 

(3) he forced flow dominated case for B < 1 and 

i i 

I 

-L 1 R< 1. 

The definitions of B and Q being, respectively 

with 

U T, m, 

FIG. I. The coordinates system 
Equations (l)-(5) are now transformed by intro- 
ducing a (E, q) dimensionless coordinate system, the _ 

r= LsinX 
reduced stream functions f(a,q) and g(a,r,r) and a 

L’ 
(7) dimensionless temperature &(.a, 17). The appropriate 

definitions of these parameters for each of the three 
The other symbols in equations (l)-(4) are defined in above-cited cases are summarized in Table 1, where 
the Nomenclature. For the entire mixed convection r&y) and 4(x, y) are the stream functions which are 
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Table 1. Definitions of dimensionless coordinates, reduced stream functions and reduced 
temperature for the three flow dominated cases 

Buoyancy forces 
dominated case 

Rotation 
dominated case 

Forced flow 
dominated case 

&l/4? 
L 

oR “’ 

[ 1 - 
VE 

Y 

V./+(x, Y) 
Wry 

v#aY) 

ov 
4hY) 
EV Gr'j4 

T- Tm 
Tw-T, 

T- T, 

Tw-Tm 
T- T, 

L-T, 

&4%II> = 5 &*,ttf)&*j 
j=O 

ft.% ‘I) = j~of2,m2J 

related to the velocity components with the following 
equations : 

.dE, ?I = f 92j(rl)E2'. (1% 
j=O 

v _ 1 W(xd9r 
Y---- r ax 

Substituting equations (15) in equations (1 l)-( 13) 
and boundary conditions (14) and collecting terms of 
different order in E, as usual, a sequence of coupled 
ordinary differential equations is obtained [7]. From 
the definition of the Nusselt number 

v 

0 
= a4t-a 

ay 
With these transformations, the continuity equation 
is identically satisfied. The momentum and energy 
equations become 

-a aT 
Nu = E with h = 

0 ay y=. 

I T,-T, ’ (16) 

it can be shown that the local Nusselt number is ex- 
pressed as (N = 0,2,4,. . .) : 

(1) buoyancy forces dominated case 

Nu = -Gr’i”~~oB~~(0)s~; (17) 

(2) rotation dominated case 

(11) 

(12) 

(13) 
ah af 

=E f’,,-fl;,, 
(18) 

subjected to the boundary conditions (3) forced flow dominated case 

(l=o: f =f’=g=o; g’=K,; eT= 1 

q-+00: f’-+K,o, g'+O; erjo. 
(14) 

The coefficients K,, K2, . . . , Kc0 are given in Table 2 
and the primes denote differentiation with respect to 
q. Equations (1 l)-(14) are now transformed by 
assuming that the functions f (c, q), g(a, q) and &(a, q) 
have the following expansions : 

Nu = - (Rem~]‘2$oe;N(o).‘. (19) 

The average Nusselt number, Nu, is obtained from 
the integral 

(20) 

where S is the area of the sphere. 
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Table 2. Definitions of coefficients K,, KZ, , K,, which appear in equations (1 l)-( 13) 
and boundary conditions (14) 

__~__~__ __- -_._._ -_ ~~ ._ 
Buoyancy forces Rotation Forced flow 
dominated case dominated case dominated case 

K, 

K2 

K3 

K.4 

1tccotE 

1 

0.5+1.5ecotc 

I: cot E 

BE cot C. 

%?cotr: 

6 cot E 

Gr E 

Re’ sin.? 0, 

,?cotc 

sin E 
E 

9 cos.ssins 
4 E 

R-’ B- ‘ccote 0 

l+ECOtE 2E cot E 28 cot i: 

9 
;E,Bsin*E 

9 
;E,Bsin’E K, RE,e2B 

9 
4 EC sin’ E K8 

B 
1.5? 6 J() K9 1 1 

K,O B -1’2 1 

3. NUMERICAL RESULTS 

The set of coupled ordinary differential equations 
has been solved with the fourth-order RungcKutta- 
Gill procedure. Four terms of series (15) are sufficient 
to get a good accuracy. As it is seen from equations 
(1 l)-(13) and boundary conditions (14), the local 
Nusselt number is correlated to the following 
adimensional parameters : 

(a) the rotation parameter B ; 

(b) the Richardson number R ; 
(c) the Eckert number EC ; 

(d) the Prandtl number Pr. 

Numerical calculations were performed for 0 d B 

G 100, 0 < D < 1000, 0 < EC < 0.01 and 1 < Pr < 

2730. 
In Fig. 2, the average Nusselt number %Re; “’ is 

plotted against R for Pr = 1 and several values of B 

and EC: the average heat transfer rate is seen to 
increase as the Richardson number increases for small 
values of the rotation parameter (B = 1) and neg- 
ligible dissipative effects (EC = 0). The increase of 
%Re; I/* appears lower as the angular velocity is 
higher (B = 10) and it becomes negligible for B = 100, 
the centrifugal forces then being too high as compared 
with the buoyancy forces. As shown in the figure for 
B = 1 and 10 and E, = 0.005 and 0.01, the viscous 
dissipation in the boundary layer produces smaller 

values of the average Nusselt number and dissipative 
effects increase with an increasing angular velocity. 
For B = 100, these effects become higher than the 
buoyancy force ones and the heat transfer rate is lower 
for mixed convection (12 = 10) than for the pure 
rotation case (Cl -+ 0). The shape and values of the 
profiles depend on the Prandtl number as shown in - 
Figs. 3 and 4 where NuRe; “’ has been reported 
against R for Pr = 10 and 100, respectively. It is noted 
that an increase of the Prandtl number yields an 
increase in the viscous dissipation effects. 

4. THE CORRELATION 

For many heat-transfer applications, the viscous 
dissipation in the boundary layer is negligible so that 
EC can be set equal to zero in the governing equations. 
A general correlation for the average Nusselt number 
has been developed with this assumption: the re- 
sults that appear in Figs. 2-4 enable the limitations 
of such an equation to be seen for most practi- 
cal cases (Pr < 100). For higher Prandtl numbers 
(100 < Pr < 2730), numerical calculations were per- 
formed for 0 < B < 25 and 0 < 0 < 100 and the vis- 
cous dissipation was found negligible for E, < 0.0001. 
As discussed before, the average Nusselt number L?% 
is correlated to the Prandtl number, the Richardson 
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1 , 1 A 
0.1 1 10 

FIG. 2. Average Nusselt number vs n for Pr = 1: -, E,=O; -----, EC= 0.001; ---, 
E,=O.O05;------,E,= 0.01. 

o-4- ----___ -___ 
----------. 

I --\. 
. n 

0.1 1 10 

FIG. 3. Average Nusselt number vs Q for Pr = 10: -, E,=O; -----, E,=O.OOl; ---, 
EC =0.005;------,E, =O.Ol. 

number and the rotation parameter when E, = 0. 
From definitions (8) and (9), it is seen that 

- - 
NuGr-‘/4 =NuRe,‘i2a-1/4 =$j&,,‘t2 

(21) 
Following the analysis of Churchill and Usagi [12, 
131, the average Nusselt number is assumed to be 
correlated to the average Nusselt number for pure free - 
convection Nu,,, the average Nusselt number for pure 
rotation rw and the average Nusselt number for pure 
forced convection %&. One thus can write 

where m is a constant exponent to be determined 
by comparing the correlation with the theoretically 

predicted results. Similarly, for mass transfer studies, 
the average Sherwood number equation is 

W = %:+;Ti;T+%$. (23) 

It should be noted that no theoretical basis allows one 
to write the average Nusselt (Sherwood) number as 
an average, because the differential equations system 
(1 l)-(13) is highly nonlinear. However, most of the 
correlating equations that have been proposed for 
other geometries have utilized the sum of some arbi- 
trary power of correlating equations for the flow 
limited cases. Such equations appear to be gener- 
ally satisfactory for mixed convection. The main 
differences between these correlations concern the 
value of the exponent m and the effect of the Prandtl 
number [13]. 
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FIG. 4. Average Nusselt number vs Q for Pr = 100 : zz -, EC 0; --.- ~--, EC = 0.001 ; _-__, 

EC = 0.005; -----, E, = 0.01. 

Numerical results which were obtained in the range 
1 < Pr < 2730 lead to the following relations : 

for the pure free convection case (R 3 co, B = 0) 

z, Gr- L’4 = 0.57Pr’/4(1 -0.16Pr-0~8) ; (24) 

for the pure rotation case (0 = 0, B -+ 00) 
- 
Ah, Re;“’ = 0.46Pr”‘(l -0.33Pr-0.4) ; (25) 

for the pure forced convection case (iz = 0, B = 0) 
- 
AJuf Re;“* = 0.81Pr”3(1 -0.09Pr-“5). (26) 

The discrepancies between the theoretical and cor- 
related values are listed in Table 3 : one can see that 
the accuracy is good. The maximum deviation is 
2.03% for Pr = 10 for the free convection case. 

The limited cases, correlations (24)-(26) and equa- 
tion (21), are now introduced in equation (22). One 
obtains 
- 
Nu = 0.57(PrGr)‘/4(1 -0.16Pr-0-8) 

x [ 1 + D(Q B, Pr)] ‘jrn (27) 

where the function D(Q, B, Pr) is defined as 

D(s1, B, Pr) = A(&-) g [(0.9884, (Pr)B 114)m 

+(1.42L&(Pr))“] (28) 

Table 3. Discrepancy (%) between predicted and correlated 
values for the flow limited cases 

Pr 

1 
10 

100 
2730 

Pure free Pure Pure forced 
convection rotation convection 

0.25 0.58 0.40 

2.03 1.29 0.24 
0.84 0.65 0.03 
0.002 1.40 0.35 

with 

1-o 33Pr-0.4 
‘l(Pr) = 1 _0:16P?-“.R 

l-009Pr-0s 
‘,(Pr) = 1 _O:16Pr-0.8’ (29) 

In equation (28), A(Pr) is a correcting factor which 
takes into account the fact that fluids with lower 
Prandtl numbers have a higher sensitivity to buoyancy 
forces in comparison to fluids with higher Prandtl 
numbers. 

5. RESULTS AND DISCUSSION 

From the comparison of correlated and numerically 
predicted values, one has 

m=3 

A(Pr) = 0.862Pr~*~~‘. (30) 

When no buoyancy forces occur, A(h) should be 
taken as unity and ret can easily be removed from 
equation (27) by introducing equations (21). It should 
be noted that the value of exponent m is the same as 
Armaly et al. found for the case of mixed convection 
over vertical, horizontal and inclined flat plates [ 141. -- 

Figure 5 shows the ratio (iV~jNu,)~ as a function of 
the rotation parameter B for Pr = 1 and 10 and for 
several Richardson numbers (Q = 0.1, 1, 10, 100). On 
Fig. 6 correlated values with a higher Prandtl number 
(Pr = 100 and 2730) have been reported. For all flow 
configurations, the results obtained from equation 
(27) and theory agree with each other. The maximum 
deviation (7%) is observed for CJ = 1, Pr = 2730 and 
B < 1 : the correlation then provides smaller values 
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FIG. 5. Average Nusselt number for the mixed come&ion regime: comparison between correlated and 
nnnleri~l values, Pr = 1 and IO. 

FIG. 6. Average Nusselt number for the mixed convection regime: comparison between correlated and 
numerical values, Pr = 100 and 2730. 

than numxicaI c&uIations. For the rotation domi- 
nated case (B 2 10) the discrepancy is less than 3% 
which is the same as for all other flow configurations. 

As in refs. [2, 141, the upper and lower bounds of 
the mixed convection regime can be quantified by 
specifying a 5% departure from the three limited aver- 
age Msselt number cases. The resulting curves and 
Bow configurations For Pr = I and 10 are shown in 
Fig. 7. The mixed convection regime is seen to occur 
for a wide range of buoyancy and rotation parameter 
vafues. Consequently, the pure fomed convection, 
pure rotation and pure free convection regimes only 
exist under rather restrictive conditions. 

Since the correlation has been validated, aif the 
results can now be presented in a single figure the 

coordinates X and Y of which are 

(31) 

Figure 8 shows a iogarithmic presentation of the 
curves which were obtained. From this figure and the 
knowledge dPr$ B ami R, the average Nusseh num- 
ber for the mixed convection regime can quickly be 
found by only using equation (24). For Pr = 2730, 
one also has reported some experimenta data whmh 
were carried out from an el~~o~h~~~ method [ $01: 
the ratios X and Y then stand for 
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FIG. 7. The field of flow configurations with a B vs Cl logarithmic representation. 

10 rat&r at* 

II I I I 

FIG. 8. Correlated results with X and Y coordinates and comparison of results with experimental data for 
SC = 2730. 

wherein SC is the Schmidt number. The figure exhibits 
a reasonable agreement with the correlated values, 
especially for the rotation dominated case. For small 
values of the rotation parameter, the correlation devi- 
ates from experimental results. As explained in ref. 
181, this discrepancy may be attributed both to the 
separation flow and the hypothesis of the potential- 
flow solution which was retained for theoretical cal- 
culations. It also should be noted that the linear 
assumption for the average Sherwood number (equa- 
tion (23)) is a possible manifestation of this fact. 

Before concluding this section, one must add that 
although the correlation is based upon numerical cal- 
culations in the range 1 < Pr < 2730, equation (27) 
has been tested for the case of air (Pr = 0.7) : the 
results show a 9% maximum departure from numeri- 
cal results for B = 100 and 12 = 10. The discrepancy 
is about 3% for B = 10 and 1% for B = 1. These 
results together with the previous results show that 
the proposed correlation may be applied in most 
of the practical cases embodied in laminar mixed 
convection. 

6. CONCLUSION 

A simple correlation for the average mixed con- 
vection Nusselt number for a rotating sphere placed in 
a uniform stream has been presented. This correlation 
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has been tested for the entire mixed convection 6. 

regime : it can be used under laminar buoyancy assist- 
ing flow and uniform wall temperature conditions for 
0.7 < Pr < 2730, all positive values of B and Q and 

7 
’ 

negligible viscous dissipation effects (& = 0). The 
results show a good agreement between the correlated 
and numerically predicted values. For non-negligible *. 
dissipative effects, Figs. 2-4 allow one to set the limi- 
tations of the formula. 9. 
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CORRELATION NOUVELLE POUR LA CONVECTION MIXTE LAMINAIRE AUTOUR 
DUNE SPHERE EN ROTATION 

R&mu&On presente une analyse theorique de la convection mixte laminaire autour dune sphere en 
rotation dans un ecoulement force. Les r&hats mettent en evidence l’influence de la dissipation visqueuse 
dans la couche limite. On propose aussi une correlation donnant le nombre de Nusselt (Sherwood) moyen 
pour un nombre de Prandtl (Schmidt) compris entre 0,7 et 2730 et des effets dissipatifs negligeables. Cette 
relation est valid&e par les r&hats numeriques et experimentaux. Elle peut &tre utilisQ dans la totalite du 
domaine de convection mixte sous reserve que l’ecoulement force ait la meme direction que les forces de 

gravitt et que la temperature de paroi soit constante. 

EINE NEUE KORRELATION FUR DIE LAMINARE MISCHKONVEKTION AN EINER 
ROTIERENDEN KUGEL 

Zusammenfass~g-Es wird eine theoretische Untersuchung der laminaren Mischkonvektion an einer 
angestriimten rotierenden Kugel vorgestellt. Die Ergebnisse xeigen den EinfluB der Reibungsverluste in 
der Grenmchicht. Es wird eine neue Korrelation fiir die mittlere Nusselt- (Sherwood-&&l vorgestellt fur 
Prandtl- (Schmidt-)Zahlen im Bereich von 0,7 bis 2730 und vemachlassigbare Dissipation. Diese Bexiehung 
wird mit numerischen und experimentellen Daten bestitigt. Sie kann ftir das gesamte Gebiet der Misch- 

konvektion angewandt werden bei auftriebsunterstiitr Strdmung und einheitlicher Wandtemperatur. 

HOBOE COOTHOIBEHME m5J CMEIBAHHOft JlAMMHAPHOtl KOHBEKI@iM HAA 
BPAQ4IO~E~CI C@EPOtl 

~~~Ztcr~~en TeOPeTE’ie4Xd @K,JIH3 JXNHHapHOti CMeUWWOti KOHBeKWUIH OKO,IO C&X,, 
epammueiic~ B norore. lloKa3aHo aRIUlHHe emKoil mcaina~H B norpari~wow ume. IIpemoxeiio 
HOBOe KpllTePH&I&HOe COOTHOllleHHe JXJIK CpcmrerO PHCJla HyC&?dIbTa (mepByna) UPH PHCne flpWT,,,, 

@kaum), H3bfeEKIoIueMcB OT 47 no 2730 npH npeHe6pexeHm s$@ema~ LUIOCH~~~HH. 3~0 COOTHO- 
weme nom~epmacrca wicnemibmin H 3KCIItplfMeWTUbHbMH iWiEblMH. OH0 IIPHMeHHMO AJIK WXrO 
PeNEbfa CMelWHliOi KOXilEKUEB B YCJIOBEXK Te’ieHHK CO CIlyTHOti IIOJlWMHOti CXJlOfi IlpH IlOCTOKHHOit 

TeMlIepaype CTeHOK. 


